CASTELNUOVO-MUMFORD REGULARITY AND GORENSTEINNESS 

OF FIBER CONE 



A. V. JAYANTHAN AND RAMAKRISHNA NANDURit 

Abstract. In this article, we study the Castelnuovo-Mumford regularity and Goren- 
stein properties of the fiber cone. We obtain upper bounds for the Castelnuovo-Mumford 
regularity of the fiber cone and obtain sufficient conditions for the regularity of the fiber 
cone to be equal to that of the Rees algebra. We obtain a formula for the canonical 
module of the fiber cone and use it to study the Gorenstein property of the fiber cone. 



1. Introduction 

Let {A, m) be a commutative Noetherian local ring and / be an ideal of A. The graded 
algebras, the Rees algebra, R{I) := ©„>o/"'t"' C R[t], the associated graded ring, G{I) : = 
©„>o/"//"+^ = R{I)/IR{I) and the fiber cone, F{I) := ©„>o/"/mJ" are together known 
as the blowup algebras associated to /. In this article, our aim is to study the Castelnuovo- 
Mumford regularity and the Gorensteinness of the fiber cone. We do this by relating 
them with the corresponding properties of certain other graded modules. Cortadellas 
and Zarzuela, in a series papers, used certain graded modules associated to filtrations of 
modules to study the depth properties of the fiber cone |CZ2j . |CZlj . [U] . We use these 
graded modules and other blowup algebras to study the regularity and the Gorensteinness 
of the fiber cone. 

For a standard graded algebra 5* = (Bn>oSn over a commutative Noetherian ring 5*0 and 
a finitely generated graded ^-module M = ©„>oM„, define 



a(M) := 



max{n | M„ ^ 0} if M ^ 
-oo if M = 0. 
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For i > 0, set 

a,(M) :=a(//^^(M)), 

where 5+ denotes the ideal of S generated by the homogeneous elements of positive degree 
and Hg^{M) denotes the i-th local cohomology module of M with respect to the ideal 
5*+. The Castelnuovo-Mumford regularity (or regularity) of M is defined as the number 

reg(M) := max{ai(M) + i | i > 0}. 

Let (y4, m) be a local ring and / be any ideal. The Castelnuovo-Mumford regularity of 
R{I) and G{I) have been well studied in the past. Ooishi proved that reg R{I) = reg G{I), 
[O] (see also [T]). In [T], Trung studied the vanishing behavior of the local cohomology 
modules of the associated graded ring and the Rees algebra and derived that for any ideal 
in a Noetherian local ring regi?(/) = reg (?(/). It can easily be seen that such an equality 
is not true in the case of the fiber cone and the associated graded ring (see Section 2). In 
Section 2, we prove that for any ideal of analytic spread one in a Noetherian local ring, the 
regularity of the fiber cone is bounded above by the regularity of the associated graded 
ring. If the ideal contains a regular element, we show that the equality holds in the above 
case (Theorem 12. 2p . We also prove that, under some assumptions, the regularity of the 
fiber cone is bounded below by the regularity of the associated graded ring and obtain 
certain sufficient conditions for the equality. 

In Section 3, we study the Gorenstein property of the fiber cone. The Gorenstein 
property of the Rees algebra and the associated graded ring has been very well studied, 
see for example |GN] . |HRS] . |HKU] . |Hy| , |TVZ] . It is known that the Gorenstein fiber 
cones behave differently. For example, it is known that, unlike in the case of associated 
graded ring, fiber cone can be Gorenstein without the ambient ring being Gorenstein. 
Also, it can easily be seen that the symmetry of the Hilbert series of the fiber cone does 
not assure the Gorensteinness for fiber cone ( |JPV| Example 6.2]). In Section 3, we 
obtain an expression for the canonical module of the fiber cone (Proposition 13. ip . Using 
the structure of the canonical module, we obtain a necessary and sufficient condition for 
the Gorenstein property of the fiber cone (Theorem 13. 5p . We also obtain an upper bound 
for the regularity of the canonical module of F{I). We end the article by proving that the 
multiplicity of the canonical module of the fiber cone is strictly less than the multiplicity 
of the canonical module of the associated graded ring, except for the maximal ideal. 
Throughout this article, {A, m) will always denote a Noetherian local ring of dimension d 
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and with infinite residue field. All the computations in this article have been performed 
using the computer algebra package CoCoA, [Coj . 

Acknowledgement : We would like to sincerely thank the referee for a thorough reading 
of the manuscript, pointing out some mistakes and suggesting some improvements. 

2. Castelnuovo-Mumford regularity of the fiber cone 

In this section we study the regularity of the fiber cone. Unlike in the case of the 
associated graded ring and the Rees algebra, there is no equality between the regularities 
of the fiber cone and the Rees algebra. For example if A is a non-Buchsbaum ring and 
I is generated by a system of parameters and not a (i-sequence (such a sequence exists 
by |Hu[ Proposition 1.7]), then from Corollary 5.2 in [Tj we have regi?(/) > 0. Since / 
is generated by a system of parameters leg F{I) = 0. Therefore leg F{I) < regi?(/). We 
show that under some hypothesis, the regularity of the fiber cone is at most that of the 
Rees algebra. We also provide some sufficient conditions for the equality. 

Let A be a Noetherian local ring of dimension d > and / C A be an ideal. Consider 
the filtration 

J" : A D m D mJ D m/^ D ■ • • 

Let R{J') := A ® mt ® mlt^ © mlH^ © ■ ■ ■ . Then R{J') is a finitely generated graded 
i?(/)-module. Consider the exact sequences of i?(/)-modules: 

(1) ^ R{I) ^ R{T) ^ mG{I){-l) ^ 

(2) -> mG{I) G{I) F{I) -> 

We use the above two exact sequences and the corresponding long exact sequence of 
local cohomology modules to the study the vanishing properties of the local cohomology 
modules of the fiber cone. Throughout this section we assume that / is an ideal of 
analytic spread := dimF(/) = i > 0. We begin this section with a remark on the top 
local cohomology modules of R{I) and R{F). 

Remark 2.1. Suppose x = xi,...,xe generates a minimal reduction of I. Note that 
R{I)+ is generated radically by i elements. Denote by x^ the sequence x\, . . . ,x\. Then 
for all n G Z, 

[H^D^iRm^ = lim and - Ihn • 
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This implies that ai{R{J-')) — 1 < ai{R{I)). 

In the following theorem, we show that the regularity of the fiber cone is bounded 
above by the regularity of the associated graded ring when i = 1. For convenience, we 
will denote H^j^^j^^{M) by H'^{M) for the rest of the section. 

Theorem 2.2. Let {A,xn) be a Noetherian local ring and I be an ideal of A with i = 1. 
Then reg F{I) < TegG{I). Furthermore, if grade I = 1, then leg F{I) = TegG{I) = r{I), 
where r{I) denotes the reduction number of F 

Proof. Since by hypothesis £ = 1, J is generated by a single element up to radical. There- 
fore W{M) = (0) for all 2 > 2 and for any finitely generated graded i?(/)-module M. 
From the exact sequence ([2]), we have the long exact sequence: 

^ H\mG{I)) H\G{I)) H\F{I)) 

H\mG{I)) ^ H\G{I)) ^ H\F{F)) ^ 0. 

It follows that ao{mG{I)) < aQ{G{I)) and ai(F(/)) < oi ((?(/)). From the exact sequence 
([1]), we have the long exact sequence: 

-> ^ H^'iRiT)) /f°(mG(/))(-l) 

^ H\R{I)) H\R{T)) H\mG{I)){-l) 0. 

Therefore ai(mG(/)(-l)) = ai(mG(/)) + l < ai{R{T)). From RemarkEH it follows that 
ai(mG(/)) < ai(i?(/)). Since G+ is radically generated by one element, H^{G{I)) ^ and 
hence by Theorem 3.1 of [T], we get ai{R{I)) < ai(G(/)) so that ai{mG{I)) < ai(G(/)). 
Therefore regmG'(/) < regG(J). Now the regularity behaviour under the exact sequence 
yields that 

regF(J) < max{regG(/), regmG'(/) — 1} = regG'(/). 

Now assume that grade / = 1. Then by ( |CZ3] . page 764) we have regF(/) = rj(J), 
for any minimal reduction J of J. Also we have regG(/) = rj{I) (see for example ( |HZj . 
Proposition 3.6) ). Therefore reg F{I) = regG(/) = r(/). □ 

Now we give a lower bound for the regularity of fiber cone under some assumptions. 
In ^CZ3j , Cortadellas and Zarzuela proved that if the depth of the fiber cone and the 
associated graded ring is at least i — 1, then the regularities of these two algebras are 
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equal. We generalize this result in the following theorem and retrieve their result in the 
above mentioned case. For x E I \tri/, let x* denote the image of x in I / P and x° denote 
the image of x in I /ml. 

Theorem 2.3. Let {A,xn) be a Noetherian local ring and I he an ideal of A. Suppose 
grade/ = I and grade G'(/)_|_ > £ — 1. Then regF(J) > reg (?(/). Furthermore, if 
depth F{I) >l-\, then reg F[l) = reg G{I) . 

Proof. If £ = 1, then the proposition follows from Theorem 12.21 Suppose ^ > 2. Let 
Xi, . . . , X£ be a minimal generating set for a minimal reduction J of I such that x*, . . . , G 
I / P is a. filter regular sequence for G{I) and x°, . . . , x^ G I /ml is a filter regular sequence 
for F{I). Since grade G'(/)+ > ^ — 1, x^, . . . ,x^_^ is G(/)-regular. Let "-" denote mod- 
ulo (xi,...,x^_i). Then G{I) ^ G(/)/(x*, . . . , x^.J, F{I) = F(/)/(x°, . . . , x^.J and 
regG(J) = regG(/). Since dimF(7) = 1, by Theorem 12.21 we get regF(/) = reg (7(7) = 
reg(j(/). From |CHl Proposition 1.2], it follows that regF(J) > regF(/). This implies 
that regF(/) > regG(/). 

Now assume depth > i — 1. Then x°, . . . ,x'^_i is -F(/)-regular. Then reg F{I) = 
reg F{I). Therefore reg F{I) = iegG{I) as required. □ 

Now we give certain instances where the regularity of the fiber cone is equal to the 
regularity of the Rees algebra or the associated graded ring. 

Proposition 2.4. Let {A,m) be a Noetherian local ring and I be an ideal of A. If 
TegR{J') < reg R{I), then reg F{I) = reg R{I). 

Proof. From the exact sequence ([1]) and the fact that regmG'(/)(— 1) = regmG(/) + 1, it 
follows that regmG(/) + 1 < max{regi?(J) — 1, regi?(J^)}. Since regR{J') < regi?(/), 
the above inequality implies that regmG(/) + 1 < reg R{I). From the exact sequence ([2]), 
we get regF(/) < max{regmG(/) — l,regG{I)}. Since regR{I) = regG{I), the above 
inequality implies that reg F{I) < reg R{I). 

Now from the exact sequence ([2]), regG'(/) < max{regmG'(/), regF(/)}. Since reg (?(/) = 
reg R{I) and regmG(/) < reg R{I) — 1, the above inequality yields that 

max{regmG(/),regF(/)} = reg F{I) and reg R{I) = reg G{I) < reg F{I). 

Therefore we have reg R{I) = reg F{I). This completes the proof. □ 
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Note that, if grade^(^)^ R{F) > i, then H\R{J^)) = for z < £ and from Remark EH 
it follows that leg R{J^) < reg R{I). The next proposition gives yet another instance of 
the equality of the regularity of these graded algebras. 

Proposition 2.5. Let {A, m) be a Noetherian local ring and I he an xn-primary ideal of A 
such that grade / > 0. Suppose = m.I"'°~^ for some uq G N. Then reg F{I) = reg G{I) . 

Proof. Since J"" = mJ"°~^ for some no G N, it follows that mG{I) is Artinian. If / = m, 
then the assertion of the theorem follows trivially. If / 7^ m, then mG{I) 7^ 0. Therefore 
H^{mG{I)) = mG{I) ^ and H\mG{I)) = for all i > 0. From the exact sequence 1^ 
we have 

^ H\mG{I)) H\G{I)) H\F{I)) ^ 

and H\G{I)) ^ H%F{I)) for all t > 0. Therefore ao(F(/)) < ao{G{I)) and ai{G{I)) = 
ai{F{I)) for i > 0. If depth > 0, then = (0) and hence from the above 

exact sequence we get if°(m(j(/)) = 0, which is a contradiction. Therefore depth (?(/) = 
0. Then by the Proposition 6.1 in [T], we have 

ao{F{I)) < ao{G{I)) < a,{G{I)) = ai(F(/)). 

Therefore regF(/) = max{ai(F(/)) + i : i > 1} = max{ai{G{I)) + i : i > 1} = regG{I) 
as required. □ 

Proposition 2.6. Let {A,xn) be a Noetherian local ring and I be an ideal of A such that 
grade / > 0. Assume that xnG{I) is a Cohen-Macaulay R{I)-module of dimension i . Then 

(i) regF(/) < reg R{I); 

(ii) ifai{R{J^)) - 1 < ae{R{I)), then regF(/) = reg R{I); 

(iii) ifai{R{J^)) - 1 = ai{R{I)), then regmG(/) < regR{I) and regF(/) < regi?(/). 
Furthermore, if TegxnG{I) < reg (?(/), then reg-F(J) = reg i?(J). 

Proof. From the short exact sequence ([T]), there is a long exact sequence of the local 
cohomology modules: 

> H\R{I)) H\R{F)) H\mG{I){-l)) H'+\R{I)) ^ ■ • ■ . 

Since mG{I) is Cohen-Macaulay, H^{xnG{I)) = for i ^ I. Therefore, it follows from 
the above long exact sequence that H^{R{I)) = H^{R{J^)) for i < i. This implies that 
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ai{R{J^)) = ai{R{I)) for i < i. Using Remark [2lll we have ae{R{J^)) - 1 < a^{R{I)). 
Therefore (i) follows from (ii) and (iii). 

If at{R{F)) - 1 < at{R{I)), then ai{R{F)) < at{R{I)). Therefore ai{R{r)) < ai{R{I)) 
for all i. This implies that reg R{J^) < leg R{I). Therefore from the Proposition 12.41 we 
have regF(J) = reg-R(/). This proves (ii). 

Suppose ai{R{J^)) — 1 = ae{R{I)). Since ai(i?(J^)) = aj(i?(/)) for i < i, we have 
leg R{J^) < regi?(/) + 1. Therefore from the exact sequence ([T]), it follows that 

reg(mG(/)(-l)) = regmG'(/) + 1 < max{regi?(/) - l,regi?(J^)} < regi?(/) + 1. 

From the exact sequence ([2]), it follows that regF(/) < max{regmG(/) — l,regG'(/)} < 
reg R{I). Thus regF(/) < reg R{I). 

Now assume that regm.G'(/) < reg (?(/). From the exact sequence ([2]) it follows that 
regG(/) < max{regm(j'(/), regF(/)}. Since regmG(/) < regG(/), the above inequality 
gives that max{regmG'(J), reg -F(/)} = regF(J). Therefore regG'(/) < regF(J). Since 
regG(/) = reg R{I), we have reg R{I) < reg F{I). The other inequality is already proved. 
Therefore reg F{I) = regi?(/). This proves (iii). □ 

We conclude this section by giving some examples to illustrate the regularity behav- 
ior of the fiber cone. The following example shows that the regularity of the fiber 
cone can be strictly less than the regularity of the associated graded ring even when 
regF(J) > 0. Let R = ®n>oRn be a finitely generated standard graded algebra. Then 
R = Rq[Xi, . . . , Xm]/ J for some m and a homogeneous ideal J, where Xi, . . . , are 
indeterminates over Rq. Then the relation type of i?, denoted by reltype(-R) is de- 
fined to be the maximum degree of a minimal generating set of J. It is known that 
reltype(_R) < regi? + 1, p?j. Let k denote a field. 

Example 2.7. Let A = A;|X, Y, Zj/{X^, Y^, XYZ^) and m = (x, y, z), where x = X,y = 
Y, z = Z and k is a field. Then A is a one dimensional Noetherian local ring. Let I = 
{y,z)A. Then F{I) = k[Y,Z]/{Y^). Therefore regF(/) = 1. Let ^ : A/I[U,V] G{I) 
be A/ 1 -algebra homomorphism defined by ip{U) = yt and ip{V) = zt. Then ker{ilj) has a 
generator {x + I)UV'^ . Therefore reltypeG'(/) > 3. Since reltypeG'(/) < regG'(/) + 1 we 
have regG(/) > 2. Thus regF(/) < reg (?(/). Here grade / = 0. 
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Example 2.8. Let A = klx,y,zl/J, where 

J = [xy ,xy z,xyz ,xz,xz ,x ,y z,x y,x y ,y ) 

and k is a field. Let I = {x^,y,z) and m = {x,y,z). Then A is one dimensional non- 
Cohen-Macaulay Noetherian local ring and I is an xn-primary ideal satisfying = m/^. 
Let S = k[U,V,W]. Then F{I) = (^2^^y2y3vy,^yvF2,c/w3,y4) ■ By using CoCoA, [Co], one 
can see that the minimal free resolution of F{I) as an S -module is 

^ S{-6 f 5(-4) © S{-5y S{-2) © S{-3) © 5(-4)^ ^ S ^ 0. 

From this the regularity of F{I) is 3. Therefore by the Proposition \2.5\ we have reg F{I) = 
TegG{I) = 3. Note that grade / = 0. 

The following example shows that the reduction number of / can be strictly smaller 
than the regularity of F{I). 

Example 2.9. Let A = k[X,Y,Z\/J, where J = {X\XY^Z,XYZ'^,YZ\ Z^). Let 
I = {x^,y'^,z'^) and m = {x,y,z), where x = X ,y = Y and z = Z. Then A is a non- 
Cohen- Macaulay Noetherian local ring. Let J = {y"^), then = JI^ . Therefore r{I) < 3. 
Let S = k[U, V, W]. Then F{I) = (^2^t/yw.Ty^y2ty2^y4ty) ■ By using CoCoA, [Co\, one can 
see that the minimal free resolution of F{I) as S -module is 

R{-6f ® Ri-7) ^ R{-A) ® R{-5y ® R{-6f 

^ i?(-2) © i?(-3)2 © i?(-4) © i?(-5) ^ i? — ^ 0. 

Hence reg(F(/)) = 4. Therefore r{I) < regF(J). 

Though we have proved that under certain conditions, reg F{I) is bounded below by 
reg G{I), we have not been able to find an example when this inequality is strict. Therefore 
we ask: 

Question 2.10. Let {A,m) be a Noetherian local ring with infinite residue field and I an 
ideal such that grade / > 0. Is regF(/) < regG'(/) ? 

3. GORENSTEIN FIBER CONES 

In this section, we study the Gorenstein property of the fiber cone. We begin by 
obtaining an expression for the canonical module of the fiber cone. We fix the notation 
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for this section. Throughout this section, we assume that G{I) and F{I) are Cohen- 
Macaulay. Let u!g{i) and u!f{i) denote the canonical modules of the associated graded 
ring G{I) and the fiber cone F{I) respectively. For the definition and basic properties 
of canonical modules, see |BHj . In the original manuscript, the result given below was 
proved in a weaker form. We would like to thank the referee for suggesting the following 
improved form. 

Proposition 3.1. Let {A, m) be a Noetherian local ring and I he an xn-primary ideal such 
that the associated graded ring G{I) is Cohen- Macaulay. Let ujg(i) = ®n&^n and (jJf{i) 
he the canonical modules of G{I) and F{I) respectively. Then 

(1) Uf(i) = ©nGz(0 m); 

(2) a{F{I)) = a{G{I)) = r — d, where r is the reduction numher of I with respect to 
any minimal reduction J of F, 

(3) for any k E N, a{F{I^)) = [^] = [^]; 

(4) if G{I) is Gorenstein, then 

(^jn+r-d+l . p jn+r-d 
^ni) - /n+r-d+l • 

Proof. (1) Since G{I) is Cohen-Macaulay and F(J) = G{I)/mG{I) is such that dim G{I) = 
dimF(/) = dwe have by f jHiO] . Corollary (36.14)) that: 

ujf(i) = HomG(i){F{I),ujG{i)) = (0 -.^^^^^ mG{I)) = (0 i^^,,, m) = ©„ez(0 :a;„ m). 

(2) By definition a(F(/)) = — min{n| 7^ 0}. Since Un is a finitely generated A/F 

module for any n and / is m-primary, A// is of finite length and so Un- As a consequence 
(0 m) 7^ if and only if w„ ^ 0. Therefore a(F(/)) = a{G{I)). 

On the other hand, it is known (see for instance (jHZ], Proposition 3.6)) that if G{I) 
is Cohen-Macaulay then a{G{I)) = r — d, where r := rj{I) is the reduction number of / 
with respect to any minimal reduction J of /. 

(3) Since G{I) is Cohen-Macaulay, G{I^) is also Cohen-Macaulay for any positive in- 
teger k (see for instance ([HZ], Corollary 4.6) ). On the other hand, by ( |HZj . Corollary 
4.6) a(G(/^)) = [^]. Thus by (2) 



a{F{l')) = a{G{l')) 



k 
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(4) If G{I) is Gorenstein then ooai) = G{I){a{G{I))) = G{I){r - d). So u;„ 

jn+r-d I jn+r~d+l f^^ ^ 



□ 



We know that if G{I) and F{I) are Cohen-Macaulay then regG'(/) = r = regF(/). 
Now we prove that rega;G(7) and regci;i?(/) are equal. 

Corollary 3.2. Suppose G{I) andF{I) are Cohen-Macaulay. Then leg ujg{i) = T^GgUF{i)- 
In addition if G{I) or F{I) is Gorenstein then TegUG{i) = d = TegcoF(i)- 

Proof. Let J be a minimal reduction of / minimally generated by Xi, . . . ,Xd such that 
xl,...,x*^e G{I) and x1,...,x^e F{I) are regular sequences. Then F{I)/ J" = F{I / J) 
and G{I)/J* = G{I/J). Therefore rega;i?(7-) = Teg{ujF(i)/ J^(jJf{i)) = TegujF(i/j) and 
regcuG(/) = regcuG(//j)- But iegujF{i/j) = a{uF(i/j)) and rega;G(//j) = a(wG(//j)). By 
Proposition [3IIK1) we have Uf{i/j) = ©„ez(0 ■[LOG(i/j)]n From this we have [uF{i/j)]n 
if and only if [wG(//j)]n 7^ for any n. Therefore a{ujF{i/j)) = a{ujG{i/j))- Thus 
regWGC/) = rega;F(/)- 

Now assume G{I) is Gorenstein. Then ujg(i) = G{I){r — d). Thus rega;G(/) = 
reg G'(/)(r — d) = TegG{I) — r + d. Since G{I) is Cohen-Macaulay regG'(/) = r. There- 
fore rega;G(/) = d. If F{I) is Gorenstein, then one can prove the statement in a similar 
manner. □ 



Corollary 3.3. Let {A,m) be a Gorenstein local ring of dimension d > and I is an m- 

(J"+'— '^+l:mJ'')n(J"+' 



primary ideal with G{I) is Cohen-Macaulay. Then ijJf(i) — ©„g — '"^^ ^^^''^ — 



If in addition F{I) is Gorenstein, then 



^ nj^'^^ : xnr) n (J" : r)\ _ y^f I" 



(J"+i : F) J Xml"" 



for all n E'L'^ 



Proof. By (jHKU], Theorem 4.1), ub = 0„gz('^"^'^ ■ F)f'+'^^^, where B = A[It,t-'^] 
the extended Rees algebra of I. Since cog{i) = <^B/t-^B = (i^bA~"'^'^b)(— l), we have 
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^G{i) = ®n€Z (jn+r-dVi :/!■) • From Proposition O^l), 



Wf(7) = ©nGZ;(0 -[0,0(1)],^ ITl) 

^jn+r-d+1 . ^jr) p ^jn+r-d . jr-^ 



Assume F{I) is Gorenstein. Then = F(J)(r - rf) = 0^^^ /"+'-'^/m/"+^-'^. There- 
fore 

W (Jn+r-d+1 ■ /r^ = = ^ ' 

This imphes that 

^ (J"+^ : mF) n (J" : r) \ _ ^ f I"" 



(J"+i : /'■) J \mF 

for all n G Z+. □ 

Remark 3.4. Suppose G{I) and F{I) are Cohen- Macaulay rings. Let J = [xi, . . . , xa) be 
a minimal reduction of I such that xl, . . . ,x^ E G{I) and x", . . . , G F{I) are superficial 
sequences and hence regular sequences. Denote Ji = {xi, . . . ,Xi) and Jq = (0). Then for 
anyi such that 1 <i<d, G{I)/{xl, . . . ,x*) ^G{I/Ji) and F{I)/{x1, . . . ,x°) ^F{I/J,). 
Then G{I) is Gorenstein if and only if G{I/Ji) is Gorenstein and F{I) is Gorenstein if 
and only if F{I/Ji) is Gorenstein. 

Now we give a characterization for F{I) to be Gorenstein in terms of certain length 
conditions involving a minimal reduction of / if G{I) is Gorenstein. 

Theorem 3.5. Let (A, m) he a Noetherian local ring, I he an xn-primary ideal and J he a 
minimal reduction of I with reduction numherr. Assume that G{I) is a Gorenstein ring 
and F{I) is Gohen-Macaulay. Then F{I) is Gorenstein if and only if 

^ ' ((/"+^ + J) : m) n/" \ _ J" 



for < n < r . 



Proof. Since G{I) and F{I) are Gohen-Macaulay, we may choose a generating set for J 
such that the corresponding images form a regular sequence in G{I) as well as in F{I). 
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Therefore we have 



Wf(//J) = {ujF{I)/J°UJF{I)){r) 

■((/"+"+^ + J) :m)n/"+" + J' 



e 



jn+r+l + J 



Using the isomorphism theorems and the fact that G{I) is Cohen- Macaulay, one obtains 
the isomorphism: 

^ ((J"+^ + J) : m) n 

[WF(//J)Jn-r = Jn+1 + JJn-1 " 

Suppose F{I) is Gorenstein. Then from the Remark l3.4[ it follows that F{I/ J) Gorenstein 
with canonical module cof(i/j) = F{I /J){r). Therefore 

■((/"+^ + J) : m) n/"~ 

jn+l + Jjr 



^\ rn+l , 7rn-l ) = 



A([F(//J)(r)]„_,) = A 



ml" + J/"-i 

for all n. Hence, in particular, we get the required equality of lengths for < n < r. 

Conversely assume that A(((/"+i + J) : m) n + J/"-i) = A(J"/m/" + J/"-^) 

for < n < r. Then by the above isomorphisms we have A([a;ir(//j)]„) = A([F(//J)(r)]„) 
for all n. This implies that \{(jJf{i/.j)) = \{F{I / J){r)) = A(F(//J)). Let t] : P ^ ijJF{i/j) 
be the natural surjective map from a graded free F(//J)-module P of rank equal to 
fi{ujF{i/j)), the minimal number of generators of uf{i/j)- Since ojf{i/j) has finite injective 
dimension, its injective dimension is equal to depth J) = 0. Therefore ujf{i/j) is 
an injective module and hence }loviiF{i/j){~^^F{i/j)) is an exact functor. Applying this 
exact functor to the map 77, we get a surjective map 77* : }lor[iF{i/j)i!^F{i/j)i^F{i/j)) — > 
}loTaF{i/j){.P^^F(i/j))- But by the definition of canonical module, 

Y{omF{i/j){uF{i/j),ujF{i/.j)) = F{I/J). 

Note that 

Y{omF{i/j){P,ujF{i/.j)) = ^F{I/J)- 

rank(P) 

Hence there is a surjective map F{I/ J) — )• ^rank{P) ^f{i/j)- This implies that 

A I ^FH/j)] <X{F{I/J)). 

\rank{P) J 
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This gives that rank{P) ■ X{ujf{i/j)) < X{F{I / J)). Since X{uf(^i/j)) = A(F(//J)), the 
above inequahty gives that rank{P) = 1. That is fi{coF{i/j)) = 1- Hence F{I/J) is 
Gorenstein with canonical module ujf{i/j) = F{I / J){r). Since J° is generated by a regular 
sequence in -F(J), F{I) is Gorenstein with canonical module ujf{i) = F{I){r — d). □ 

It is known that if G{I) is Gorenstein, then A is Gorenstein and that such an analogue 
is not true in the case of fiber cone. We show that if, in addition, F{I) is Gorenstein, 
then ^// is Gorenstein. 

Corollary 3.6. Let (A, m) he a Noetherian local ring and I is an m-primary ideal. Sup- 
pose G{I) and F{I) are Gorenstein. Then A/ 1 is Gorenstein. 

Proof. Put n = in the Theorem 13. 5[ we get A((/ : m)//) = \{A/m) = 1. This implies 
that A/ 1 is Gorenstein. □ 

Let pd^(M) denote the projective dimension of M as an A-module. 

Corollary 3.7. Suppose I is an m-primary ideal such that G{I) and F{I) are Gorenstein. 
Then pd(y4//) < oo if and only if I is generated by a regular sequence. 

Proof. Since G{I) and F{I) are Gorenstein, from the Corollary 13.61 it follows that A/ 1 is 
Gorenstein. Suppose pd{A/I) < oo. Then from Theorem 2.6 of |NV] . / is generated by 
a regular sequence. Conversely assume I is generated by a regular sequence. Then the 
Koszul complex K,{P, A) is minimal free resolution of A/L Therefore pd{A/I) < oo. □ 

Corollary 3.8. Suppose {A,m) is a regular local ring and I is an m-primary ideal of A 
such that G{I) and F{I) are Gorenstein. Then I is generated by a regular sequence. 

Proof. By hypothesis A is regular, so we have pd(y4//) < oo. Therefore from Corollary 
13. 7[ / is generated by a regular sequence. □ 

Remark 3.9. Suppose G{I) and F{I) are Gorenstein rings and yu(J) = d-\-2. Then by 
GorollarylEIM ^/I "is Gorenstein. By f |HKU] . Remark 2.9(1), (2)) we have pd^{G{I)) < 
oo if and only if G{I) is a complete intersection. That is the defining ideal of G{I) is 
generated by a regular sequence. In this case F{I) is also a complete intersection. 

The expression we have obtained for the canonical module of the fiber cone does not 
reveal when it can be realized as a submodule of F{I). Below we give a sufficient condition 
for ijJf(i) to be a submodule of F{I). 
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Corollary 3.10. Let {A,xn) be a Noetherian local ring and I he an m-primary ideal. 
Assume that G{I) is a Gorenstein ring. Suppose F{I) is Cohen- Macaulay and A/ 1 is 
Gorenstein. If ; rri) fi ml^^^~'^ = 1'^+^-^ for all n > d ~ r + 1, then ujf(i) is an 

ideal of F{I). 

Proof. For any n > d — r, there is a natural map tpn '■ : m) fl j^'+^-d- / ji^+^-d — y 

jn+r-d i^jn+r-d ^j-^jcj^ gives rise to a natural F(/)-linear map ip : ujf(i) — > F{I). The 
kernel of ipn is (J"+^-'^+i : m) n m/"+^-7J"+'-^. Then the F(J)-linear map ^ : ujf{i) — > 
F{I){r - d) has kernel ©„>d-r(/"+'^"'^+^ : m) n mJ"+'-'*//"+^-'^. Then ujf{i) is an ideal of 
F{I) if ker{i)) = 0, i.e., if (J«+'^-'>'+i : m) n mJ"+'^-'^ = 1"+''-'^ for all n > - r + 1. This 
completes the proof. □ 

The following Proposition shows that eo{uF(i)) < eo(wG(/)) unless I = m. 

Proposition 3.11. Let {A,m) be a Noetherian local ring and I be an m-primary ideal. 
Suppose G{I) and F{I) are Gohen- Macaulay. Then eo{ijjF{i)) < eo{uG(i)). Furthermore, 
if G{I) is Gorenstein, then equality holds if and only if I = xn. 

Proof. From Proposition 13.1( 1). it is clear that X{[uF{i)]n) < A([a;G(/)]n) for all n. Hence 
Go{^F{i)) < ^oi^Gii))- Let J = (xi, . . . ,Xd) be a minimal reduction of / with reduction 
number r such that x°, . . . , G F{I) is a regular sequence for F{I), Uf{i) and x];, . . . , G 
G{I) is G{I) and ug(i) regular sequence. Then eo(c<;G(/)) = eo(wG(//j)) = K^g{i/j)) and 
eo(i^F(/)) = eo(cuF(//j)) = K^F{i/.j))- 

Now assume Co (co'i?(/)) = eo(wG(7))- Then A(c<;i?(7/j)) = \{ujg(i/j)). By Proposition IXTT l) 
we have cof{i/j) ^ ^g{i/j)- Therefore ujf{i/j) = ujcii/j)- This implies that (/ : m)// = 
A/L This gives A((/ : m)//) = A (A//). This implies (/ : m) = A. That is / = m. The 
converse always holds. This completes the proof. □ 

We conclude this article by providing two examples. First we give an example of an 
ideal whose associated graded ring is Gorenstein but the fiber cone is not. 

Example 3.12. Let A = klt\t^,t^^ and I = (^^t^^^^°),m = (t^t^tl°). Then A 
is a one dimensional Gorenstein local domain and I is an m-primary ideal. J = (t®) 
is a minimal reduction of I of reduction number 1 . Then it follows from the Gorollary 
4.5 (5) of |HKUj that G{I) is Gorenstein. Since I has reduction number 1, F{I) is 
Gohen- Macaulay. Since fi{I) = 3 > dim A -\- 1, by Proposition 4-^ of [JPV] . F{I) is not 
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Gorenstein. Also, note that 



P + J J ' \mI + J^ 

In the example below we apply our result to obtain an example of a Gorenstein fiber 
cone. 

Example 3.13 (|HKU], Example 2.5). Let A = and I := (^^^^^^0). Then 

A is a one dimensional Gorenstein local domain, I is an m-primary ideal and J = (t®) 
is a minimal reduction of I with reduction number 2. Let R = A/ I[X,Y, Z]. Then 
G{I) = {xz~^Y'^wX'^~~z'^) ' '^^^'^^ image of in A/ 1. Since XZ — Y'^^wX'^ — Z^ 

is an R-regular sequence and A/ 1 is Gorenstein therefore G{I) is Gorenstein. Since 
ml" n J = vaJP'^ for all n>l, F{I) is Gohen-Macaulay. By using GoGoA, |Co] . it can 
easily he seen that 

((/^ + J):n,)n/A I 



and 



P + J 7 V ml + J 



((/^ + J):m)n/^ \ ,y P 



P + JI J \mP + JI 

Therefore by the Theorem \3.5l F{I) is Gorenstein. 
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